Tracer transport through fractured media exhibits concurrent direction-dependent super-diffusive spreading along high-permeability fractures and sub-diffusion caused by mass transfer between fractures and the rock matrix. The resultant complex dynamics challenge the applicability of conventional physical models based on Fick's law. This study proposes a multi-scaling tempered fractional-derivative (TFD) model to explore fractional dynamics for tracer transport in fractured media. Applications show that the TFD model can capture anomalous transport observed in small-scale single fractures, intermediate-scale fractured aquifers, and two-dimensional large-scale discrete fracture networks. Tracer transport in fractured media from local (0.255-meter long) to regional (400-meter long) scales therefore can be quantified by a general fractional-derivative model. Fractional dynamics in fractured media can be scale dependent, owning to 1) the finite length of fractures that constrains the large displacement of tracers, and 2) the increasing mass exchange capacity along the travel path that enhances sub-diffusion. 
Introduction
Anomalous diffusion is well documented in physical, chemical, economical, geophysical, and other processes at various scales, as reviewed by Metzler and Klafter [1, 2] . Fractional dynamics described by fractional-derivative models has been applied to interpret super-and sub-diffusion by assuming power-law long-range memory in space and time [3] [4] [5] . For example, the assumption of power-law nonlocality is promising in characterizing anomalous transport for tracers in heterogeneous geological media, where 1) the power-law nonlocality in space may explain the spatial dependency of fast movement of tracer particles along preferential flow paths (i.e., super-diffusion), and 2) the power-law nonlocality in time may explain the long-term trapping of tracer particles in parallel, immobile blocks with various rate coefficients (i.e., sub-diffusion, as reviewed extensively by Zhang et al. [6] ). Applications of fractional calculus in other areas (from the super-diffusive biological process to large-scale environmental and financial systems) and the references can be found in Metzler and Klafter [1, 2] .
Fractures are ubiquitous in brittle geological media [7] . Fractured rock masses typically exhibit erratic heterogeneity, directional dependence, and multi-scale flow and transport behavior, challenging the quantification of transport using conventional physical models based on Fickian diffusion [8, 9] . Studies show that tracer transport can be non-Fickian in fractured media (see, for example, the brief review by Reeves et al. [10, 11] and Nowamooz et al. [12] ). Highly permeable, continuous fractures serve as preferential flow paths for tracers, while the mass transfer between fractures and rock matrix causes solute retention [13] . Additionally, pre-asymptotic transport (which is the transport before reaching its Gaussian asymptote, according to the central limit theory) may be prevalent in fractured media as 1) tracer transport is restricted along a subset of interconnected, conductive fractures, and 2) variability in fracture velocity, length, and orientation may only be partially sampled over large transport distances [14] . The fractional-derivative model (FDM) therefore serves as a logical alternative to the conventional physical models in simulating the mixed super-and sub-diffusion for tracer transport through fractured rock masses.
Applications of the FDM in tracer transport in fractured media however are rather rare [10, 11, 15] , probably due to two historic knowledge gaps. First, do the fractional dynamics change for a fracture/matrix system at different scales? Owning to limitations in delineating finescale medium heterogeneity, different properties of fracture/matrix systems may be quantified at different scales. For a small-scale single fracture, the major definable properties that may affect solute transport may include fracture aperture, surface roughness, and hydraulic gradient [16] . At the fracture network and regional scales, fracture attributes, such as fracture density, length, orientation, and transmissivity, are typically defined statistically using field measurements [17, 18] , and numerical studies have shown that these attributes may significantly affect the anomalous diffusion of tracers [11, 14, 19] . The second knowledge gap is the development of a universal FDM for tracer transport in fractured media at all scales. This study attempts to fill these two knowledge gaps.
The rest of this paper is organized as follows. In Section 2, we first analyze previous modeling approaches for tracer transport through various scales of fractured media, and then develop a tempered fractional-derivative model that may release the limitations of previous numerical methods. In Section 3, the applicability of the new physical model is checked against tracer dynamics observed in fractured media at various scales. In Section 4, we discuss the scaling behavior and distinguish the fractional dynamics from small to regional scales. Conclusions are drawn in Section 5.
Methodology development

Major challenges in numerical simulation of tracer transport through fractured media
Three main factors challenge the numerical simulation of anomalous transport in fractured media, and they should be taken into account when developing a general physical model. First, the observed causes of anomalous transport can be quite different in different studies. For example, Boutt et al. [20] found that the trapping zone on the lee side of fracture walls causes heavy tails in a late-time breakthrough curve (BTC) of transport. Cardenas et al. [21] found that eddies can cause the heavy-tailed BTC for solute transport through real fractures, by using numerical models. Second, anomalous transport is manifested in different ways. The above numerical simulations reveal the "trapping" behavior characterized by the later arrivals of solute particles. Monte Carlo simulations of solute transport conducted by Reeves et al. [11, 14] show that transport through discrete fracture networks is a mixture of very rapid (relative to Fickian) motion in connected fractures and trapping in poorly connected fractures, resulting in both early-and late-time tails in BTCs. Third, anomalous transport in practical applications can cover a much larger scale in space and/or time. For example, in the last decade, long-term field investigations of tracer transport were conducted in various fractured rock masses, including the block-scale granite rocks at Äspö [22, 23] , the regional-scale fractured crystalline rocks at the Mirror Lake site [24, 25] , and the block-scale fractured dolomite at Carlsbad [26] [27] [28] . The development of physical models to efficiently describe the observed complex non-Fickian behavior across scales is a significant challenge.
Previous modeling approaches and limitations
Three main numerical approaches, including the discrete fracture network (DFN) approach, the continuum approach, and the continuous time random walk (CTRW) approach, have been developed in an effort to simulate the dynamics of flow and transport in fractured media. The DFN approach depicts the rock mass dissected by a network of discrete fractures, and assumes that fluid flow through a low-permeability rock mass is controlled by geometric and hydraulic properties of interconnected fractures of a network [19, 29, 30] . DFN simulations have been used to investigate flow and transport behavior for both theoretical investigations [31] [32] [33] [34] and field-scale applications [35] . They have scale restrictions in modeling multiple explicit fractures with unique values of orientation, permeability, and length.
Continuum approaches are typically favored at larger scales. They are based on the conversion of discrete fractures or fracture zones to permeability structures on a model grid [e.g., [36] ]. The type of continuum model depends on the relative contribution of porous matrix to flow and transport. Dual-permeability models are often needed for a permeable porous matrix (where flow and transport processes happen in both domains), while dual-porosity models can be used to describe the transfer of solutes into a low-permeability matrix (which acts as a storage domain and is not explicitly represented in the flow model) [e.g., [37, 38] ]. A hybrid discrete-continuum model has also been developed by combining the DFN and the continuum approach into a fracture continuum where fracture networks or interconnected fracture zones are directly mapped onto a continuum grid, thereby preserving hydraulic and geometric properties of the network [10, 39] . The practical approximation of solute transport by equivalent continuum properties, however, is not trivial. Transport properties are generally scale dependent, probably due to the multi-scale heterogeneity and the complex geometry of fracture networks. For example, analyses show that the effective matrix diffusion coefficient may be scale dependent [40] , permeability and porosity changes with support scale and spatial resolution [41] , and apparent dispersivity in fractures varies with the scale of observation (in time and space) [7] . The extensive upscaling experiments conducted by Öhman et al. [42] and Odén et al. [43] further reveal that the standard continuum model cannot capture the dynamics of tracer transport through regional-scale, nonstationary fractured media.
The CTRW approach was proposed by Berkowitz and Scher [44] [45] [46] as an alternative to dual-continuum models. As described by Cortis and Birkholzer [38] , the CTRW approach characterizes the interaction (i.e., matrix diffusion and/or sorption/desorption) between the fractured and porous rock domains using a probability distribution function (PDF) of residence times. The PDF of residence times efficiently models the delay that solute particles experience when trapped in immobile zones (i.e., low velocity matrix or adsorptive sites located on fracture walls, or absorptive sites within the rock matrix). The extensive review of nonlocal transport models by Neuman and Tartakovsky [47] however suggested three necessary improvements. First, the apparent late-time tail of tracer breakthrough is only one of the typical non-Fickian behaviors. Fractures serve as preferred pathways or channels within otherwise low-permeability rock masses, which lead to early arrivals and faster than Fickian solute motion. Superdiffusive transport, which leads to earlier arrivals to a distant receptor than Fickian dispersion [15, 24] , should also be considered. Second, current nonlocal transport models are mainly limited to one-dimensional (1-) applications. Third, transport parameters should not be limited to spatial homogeneity. Rather, they should describe heterogeneity and be conditioned to local aquifer properties. The above literature review highlights the importance of nonlocal transport models to simulate anomalous transport in fractured media. A multi-dimensional, nonlocal transport model that can capture transport at all scales is needed, where super-diffusion and sub-diffusion should be separated. These necessary improvements lead to the development of a tempered stable model discussed next.
The tempered fractional-derivative model
We apply the probability density method [13] to derive a general fractional-derivative model. The probability density ( ) of tracer transport in subsurface systems can be calculated through a weighted average [13, 48] :
where , and (τ ) [dimensionless] denotes the density of hitting time. We choose the multidimensional tempered stable motion proposed by Zhang et al. [13] to characterize the mobile process:
where
] is the velocity vector, and
] is the hydrodynamic dispersion tensor. On the right hand side of the governing equation (2), the operator ∇ H −1 λ M denotes the tempered multi-scaling fractional derivative [13] , where H −1 is the inverse of the scaling matrix defining the direction and order of the space fractional derivatives, M = M( θ) denotes the mixing measure defining the probability of tracer particle jumps in each direction θ, and λ [L ] defines the (direction-dependent) truncation parameter along each eigenvector of H. The hitting time process with a general memory function takes the form [13] :
where β [T 
where γ [dimensionless] (0 < γ ≤ 1 in this study) is the order of the time fractional derivative that characterizes the power-law slope of waiting time distributions of tracer particles,
] is the truncation parameter in time, and Γ( ) represents the Gamma function. In hydrological applications, λ can be used to characterize the maximum residence time for tracer particles in relatively immobile zones. Inserting (4) into (3), we obtain the time operator:
where the operator
∂ γ λ denotes the tempered fractionalorder derivative in time [48] [49] [50] :
Leading the transport operator (2) and the time operator (5) into the integral (1), we can obtain the final transport model, which is the governing equation for tracer transport in the total phase [48] . Using the mobile/immobile decomposition argument [48] , we obtain the following tempered fractional-derivative (TFD) model (which can also be called the tempered stable model):
where C and C [ML ] denote the tracer (resident) concentration in the mobile and immobile phases, respectively;
] is the initial concentration (note that the initial tracer can be located in any phase). The Riemann-Liouville fractional derivative is used for both the space and time fractional derivative. This type of fractional derivative is selected because the corresponding Langevin method is known [51, 52] and used for numerical approximations in this study.
In 1-with the mixing measure M(−1) = 0 and M(+1) = 1, the TFD model (7) reduces to
where α (1 < α ≤ 2) is the space index characterizing the displacement of the plume front, and the operator
denotes the tempered fractional-order derivative in space:
When α = 2, the 1-TFD model (8) reduces to the tempered stable model proposed by Meerschaert et al. [48] to capture the transient anomalous diffusion in heterogeneous systems. When α = 2 and the two truncation parameters λ and λ are zero (i.e., no truncation), model (8) reduces to the fractal mobile/immobile model proposed by Schumer et al. [53] to capture anomalous diffusion due to power-law memory in time.
The multi-scaling TFD model (7) can be approximated using a fully Lagrangian solver, where the mobile and the immobile processes are separated. First, the vector Langevin approach developed by Zhang et al. [51] can be used to approximate the vector transport model (2) , where the combination of the mixing measure M and the eigenvectors of H defines the multi-dimensional jumps of tracer particles. Numerical examples of this step can be found in Zhang and Papelis [54] . The second step is to solve the immobile process (5), by calculating and assigning the random waiting time for each particle using a wellvalidated time Langevin approach [52] . This numerical solver is used in the following applications.
Applications
Case 1: Transport through small-scale single fractures observed in the laboratory
We first apply the TFD model (7) to fit the transport of Brilliant Blue FCF through single empty fractures measured in the laboratory. Figure 1 shows the fracture with a smooth surface. In this experiment, the fracture aperture is 0 0073 m and the average flow rate is 0 0365 m/s.
Two smooth glass plates form the fracture. The classical advection-dispersion equation (ADE) model underestimates both the early and late time tails of the observed BTCs. It also overestimates the arrival of the peak concentration (Fig. 1d) . The proposed TFD model (7), however, can efficiently capture both the tails and peak of BTCs, when using the truncation parameter λ = 0 02 second
. These experimental results demonstrate that anomalous diffusion occurs for even smooth, parallel-plate fractures. The transport through the single fracture can be simplified as a 1-process, and the simplified model (8) is used here. The other parameters used in model (8) . The small truncation parameter λ is used to capture the strong power-law early arrivals in the BTC (Fig. 1b,d ). For the sake of comparison, we also test the applicability of the standard fractional-derivative model (which is model (8) with λ = λ = 0). Results show that the standard model tends to slightly underestimate the plume peak (Fig. 1c,e) , and it also predicts a heavier late-time tail (which however cannot be validated due to the incomplete measurements at late times).
It is noteworthy that the noise of the measurements during early time (Fig. 1 ) may obfuscate the best-fit result using the TFD Model (8) with a small λ (1 × 10
). The detection limit of FCF is 0.1 mg/L, which is lower than most measurements in Fig. 1 . However, if the earliest time measurements are not reliable and the real concentration is below the detection limit, we can still apply the TFD Model (8) with a larger λ to capture the thin early-time tail. This is illustrated by the red dashed line (TFD model -Test) in Fig. 1 .
To more closely approximate natural fractures, we also test fractures with rough walls. Two types of roughness are selected, as shown by Figure 2a and 2c. Similar to the result discussed above, the classical ADE model cannot capture the anomalous transport ( Fig. 2b and 2d ). The TFD model (8) simulations generally match the observed BTCs, especially at late times. Note that the rough-wall fracture generates a heavier late-time tail than that for the smooth fracture. This result implies that the potential dead-zones composed by void spaces along the fracture wall may enhance the sub-diffusion of tracer transport within fractures. In addition, the trapezoidal voids tend to be more efficient in trapping solutes than the rectangular voids (see Fig. 2b and 2d ). This may be due to flow path configurations given the roughness geometry: solute particles have a higher chance to enter into trapezoidal voids, even though the trapezoidal and rectangular voids have the same cross-sectional area. 
Case 2: Intermediate-scale transport observed at the SHOAL test site
In Case 2, we apply the tempered stable model to capture the pentafluorobenzoate (PFBA) transport observed in one fractured medium located at the SHOAL test site, Nevada [55] . Groundwater flow is radial due to pumping at the extraction well. The transport can be simplified by the following 1-model (which is model (8) with spacedependent velocity and dispersion coefficient):
] is the pumping rate (which is 12 4 m 3 /day), [L] is the medium thickness (35 m), θ [dimensionless] is the effective porosity (a fitting parameter),
[L] is the dispersivity (a fitting parameter), and ( ) is a forcing function. When λ = λ = 0, (10) reduces to the standard fractional-derivative model proposed by Benson et al. [15] :
The best-fit parameters using model (10) , porosity θ = 0 006, and dispersivity = 1 0 m. The simulated PFBA BTC generally matches the observation (Fig. 3) . Note that the best-fit parameters for sub-diffusion (especially the time truncation parameter λ ) contain high uncertainty due to the incomplete observation of the BTC late-time tail. We also apply the standard fractional-derivative model (11) , and find that the standard model (11) may slightly overestimate the early arrivals (Fig. 3a) . This conclusion is uncertain, however, considering the noise of the measurements and the incomplete observations during early time.
Case 3: Intermediate-scale transport simulated by the DFN numerical approach
Numerical simulations in Cortis and Birkholzer [38] show that the PDF of resident times for solute transport in an idealized formation of DFN (shown in Figure 4a ) evolves as a function of the hydraulic conductivity ratio between fractured and porous domains. In particular, if the ratio is large (i.e., the matrix permeability is relatively low), the tracer BTC contains an apparent late-time tail (see DFN 1 in Figure 4b) , and the best-fit resident time PDF is heavy tailed; otherwise the BTC and the resident time PDF are thin-tailed (see DFN 2 in Figure 4b) . In all cases, we find that the TFD model (8) can characterize the DFN plumes reasonably well (see the lines in Figure 4b) . The parameters in model (8) 
Case 4: Large-scale transport through 2-fracture networks simulated by the hybrid discrete-continuum approach
We then apply the multi-scaling TFD model (7) to characterize the ensemble-averaged solute plumes generated from synthetic, kilometer-scale fracture networks [10, 11] . Monte Carlo simulations of conservative solute transport through random two-dimensional, regional-scale (2500 m × 2500 m) fracture networks were conducted by Reeves et al. [10, 11] to investigate whether the particle ensembles resemble operator-stable plumes. The fractures were generated according to fracture statistics obtained The measured pentafluorobenzoate (PFBA) BTC at the SHOAL test site [55] (symbols) versus the best-fit BTC using the TFD model (10) (black line) and the standard model (11) (grey line). Note that the noise of the modeled BTC is due to the relatively small number of particles in the mobile phase, and it can be smoothed by increasing the number of particles in the Lagrangian simulation. from field studies that describe fracture length, transmissivity, density, and orientation. A fracture continuum approach (which is the hybrid discrete-continuum model discussed in Subsection 2.2) was developed to solve fluid flow through the networks, and a widely used particle-tracking code [56] was applied to track particles through the resultant velocity field. Here we choose one set (set #11) arbitrarily to illustrate the ensemble plume (shown in Figure 5a) and to check the applicability of model (7). The leading edge of the plume (representing the largest particle jumps) contains an upper truncation that violates the assumption of the classical Lévy motion model, as demonstrated by the fitting result using the standard fractionalderivative model (Figure 5c ). The best fit using model (7), on the other hand, can generally capture the observed truncation of super-diffusive plume front (Figure 5b 
Discussion
Applicability of the tempered fractionalderivative model
The applications presented here show that the TFD model captures anomalous transport for tracers in fractured media from the local (0 255 m) to regional (400 m) scales. In all cases except case 3, super-diffusive transport (represented by the heavy leading edge of the tracer plume or the early arrivals in the tracer BTC) takes place concurrently with sub-diffusion (represented by the trailing edge of the tracer snapshot or the late-time tailing in the BTC). While super-diffusion can be driven by fast motion in fractures, sub-diffusion may be caused by various retention processes, including the mass exchange between fractures and the matrix (through molecular diffusion), sorption to fracture walls, eddies in a single fracture, and/or slow advection in discrete fracture networks. The super-and sub-diffusive behavior therefore might not be characterized efficiently using a single memory function suggested by the standard CTRW framework. A reliable physical model should simultaneously account for these mechanisms using different modeling components, such as the transport process described by eq. (2) and the retention process described by eq. (5) in the TFD model. Therefore, compared with the previous CTRW framework, the TFD model (7) can efficiently describe the complex dynamics of tracer transport through fractured media at all scales.
The TFD model (7) also solves some historical challenges in the numerical simulation of tracer transport through fractured media. First, model (7) contains both the standard fractional-derivative model and the classical 2nd-order ADE as two end members, and it may characterize a wide range of anomalous transport in different systems (see also the discussion in Meerschaert et al. [48] for detail). It also captures the mixed super-and sub-diffusion, and it can be used for transport through a large spatiotemporal scale. Hence model (7) takes into account the major challenges identified in Subsection 2.1. Second, model (7) can capture the nuance of tracer transport through a regional-scale fractured medium, without the restriction of explicitly coding each individual fracture as required by the traditional DFN approach. Third, model (7) is not limited to be 1-applications, and it can be conditioned to local aquifer properties. Therefore it fills the knowledge gaps for nonlocal transport models identified by Neuman and Tartakovsky [47] (see the review in Subsection 2.2).
Fractional dynamics for tracer transport in fractured media at different scales
Applications presented in Section 3 reveal that fractional dynamics of tracer transport in fractured media may change with scales. The model analysis in Section 3 shows that the truncation parameters used in the TFD model (7) can differ by several orders of magnitude for transport at different scales, implying the variation of fractional dynamics with scales.
The best-fit truncation parameter in space, λ , increases with an increase in travel distance (Figure 6a ). At a small scale where tracer particles move along a single fracture (i.e., case 1), there is no upper limit for the largest displacement of tracers (except for the medium boundary), and hence the resultant super-diffusion can be captured by the standard Lévy motion (corresponding to a small λ in the TFD model (7)). When the scale increases and the travel distance exceeds the maximum length of fractures, the trajectories of tracer particles tend to be truncated and their distribution may be better characterized by the tempered stable density than the standard stable density. The corresponding λ therefore may increase with increase in scale.
Conversely, the best-fit truncation parameter in time, λ , declines with increase in scale (Figure 6b) . At a small scale where the tracer particle may experience only a limited number of immobile zones, the retention is relatively weak, which can be characterized by a relatively large λ in the TFD model. At a large scale where multiple mass transfer rates enhance the matrix diffusion (such as case 4), there is no upper limit for the waiting time of trapped particles (relative to the finite sampling period), and hence the resultant sub-diffusion can be captured by the standard stable density, requiring an extremely small λ in model (7)).
It is also noteworthy that the above conclusion is uncertain, owning to 1) the incomplete measurements in tracer BTCs for some cases discussed in Section 3, and 2) the different modeling approaches and experimental methods used in different cases. The variation of fractional dynamics should be checked further when complete data sets are available in the future.
Limitations of the tempered fractionalderivative model
One of the major limitations of the TFD model (7) is that it cannot be used for non-stationary heterogeneous media where the nonlocal memory can evolve in space. The variable-order differential operator [57] [58] [59] might be needed to replace the constant-index in (7), to account for the spatial variation of the memory. However, a method for delineating the representative scale for each index remains to be shown. We will focus on this open question in a future study.
In addition, the fracture statistics may vary in space, such as the variation of fracture orientation due to variation in the regional stress field. This requires a space-dependent mixing measure and/or Hurst coefficient in model (7), to account for the change of preferential flow paths along fracture zones. One example is shown in Figure 7 , where the Lagrangian solver can efficiently track particles along different paths. 
Conclusion
Fractional dynamics exist in the process of tracer transport through fractured media, but 1) methods for capturing such a process at various scales remains a challenge, and 2) the characteristics of fractional dynamics at different scales remain to be shown. In this study, a multi-scaling tempered fractional-derivative model is proposed and tested to characterize the observed transport dynamics in fractured media at various scales. The following two main conclusions are drawn.
(1) Anomalous diffusion for tracer transport through fractured media from local (0 255 m) to regional (400 m) scales can be captured by the tempered fractional-derivative model. The novel physical model separates the motion process (which is the super-diffusive transport along fractures) and the waiting time process (i.e., sub-diffusion due to solute retention in the matrix), captures the multiscaling rates along fracture networks, and is conditioned to local aquifer properties.
(2) Fractional dynamics in transport through fractured media may be scale dependent. In particular, super-diffusion along fractures may decrease with an increase in travel distance, due to an upper fracture length threshold that constrains the largest tracer displacements. The concurrent sub-diffusion however may be enhanced, due to the increasing capacity of mass exchange along the travel path. Such fractional dynamics can be characterized by the space-dependent truncation parameters in the tempered stable densities describing particle jump and waiting time distributions.
